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A change point model for a stochastic heat equation

We consider the SPDE
dX(t) = A@X(t)dt +dW(t), te(0,T]

X(0) =
X(t )|{o1}70 te (0, T],
for space-time white noise (W (t)).cjo,7) on L2((0,1)) and Ay := VOV, where
Vx) =9 _Ton(x) +9:Tr(x), x,T€(0,1),0<d_AD..

o Oy

2/12



A change point model for a stochastic heat equation

We consider the SPDE
dX(t) = A{)X(f)dt +dW(t), te(0,T],

X(0) =

X(t )|{01}70 te (0, Tl
for space-time white noise (W (t)):cio,77 on L2((0,1)) and Ay == VIV, where
¥Hx)=9_1 (O,T)(X) + 9,1 [-r,l](X). x,T€ (0,1),0<d_Ad,.

d 3,

I |

0 T 1

Positive, self-adjoint operator —Ay generates a strong analytic semigroup (Sy(t) = exp(tAy))icio 7

whose transition density obeys the heat kernel bound

Ix —yl?
ot

plixy) <at e (- ) ey e@1te Tl

~ X(t) = J'é Sy(t —s)dW; is a weak solution, i.e.,

(X(t), z) :Jt(X(s],Aaz)ds—i- (W(t),z), ze€ D(Ay) = {u € Hy((0,1)):9Vu € Hl((O,l))}.
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Estimation approach in a related Gaussian white noise model

Consider the SDE
dY(x) =9(x)dx + o(x)dB(x), 9(x) =9_T(g.0)(x) + 4 T(r1(x), x €[0,1],

with known diffusivities 9. Log-likelihood given by

T 2 T 1 2 1
() =9_ J o 2(x)dY(x) — 197_ J o 2(x)dx + 9, J o 2(x)dY(x) — % J o 2(x)dx,

0 0 T

and, forn =9, —9_, MLE can be expressed by

V0 n 1 V10 nz
T = arg max {(t) :argmax{J —dB(x)—fJ 2dx}.
e0,1] zef01] (Jeaw 0(x) 2 Jipr0 0(x)
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=i/

For homoskedastic case o(x) = n it follows

4

arg max {B* (h)—|hl/2} == arg max{BH —\h|/2} = arg mm {B*(h)+Ihl/2)},

he[-n2nto.n?n(1—1o)]

n°n(T—1°)

for a two-sided Brownian motion (B (h))ner, provided n°n — oo as n — oo and t° € (0, 1).
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Estimation approach in the SPDE model

Recall: X mild solution to dX(t) = Ag X(t)dt +dW(t), s.t. Dirichlet boundary conditions

e let K: R — R be a smooth kernel with supp K C [-1/2,1/2], ||[K]||;2 =1 and for § = n"*,
xi=(i—1/2)8 (i €{1,...,671)), define Ks; = 5 V2K(5 1 (x — x;))

e assume that local observations (Xs.;(t)):c0.71 = ((X(t), Ks,i))tel0,7) and
(X (1)) een, 1 = ((X(t), AKs,i))ecio, 1) are given

[(ko = 1), ko0]
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assume that local observations (Xs.i(t)):c0.71 = ((X(t), Ks.,i))tef0,7) and

(X&(8))eciom) = ((X(£), AKs ) ecio.7) are given

S_ S/

1, ? : — = ? 1]
0 X1 70 x [To]b X3 1
%{—J

[(ko = 1), kod

if [x; — 1| > 8/2, then X5 ; solves d X ;(t) = 9(x )Xzs ,( )dt + Bs,;(t) for independent Brownian
motions (Bs;,i=1,...,871)

modified local log-likelihood can be expressed by

T T ;
t:(0-. 9., K) = 0u,k) | xs,-(r)dxé,,-(t)—wj XA(02dt, 96,0k = {‘9' sk
0 0

2 9., i>k o



AAWA
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%_—J

[(k —1)5,]( 5]
o modified local log-likelihood: ’ !

T (k)2 (T ¥, i<k
a0 0. K) = 05,00) | XA (1) i) = 200 [ X e, 9440k = i
0 2 0 ¥, i>k

e CUSUM-approach for estimation of (9%, 9%, 1°): e, 195 ) = (90 195 k8), where
(§§,§i,?) = arg max Z 00,9, k)
(O 04 k)EDIx[51] ;5 1

51

5— =il
. 1
= arg min =) (s Vlsi— ) (95,i(k) =93 ;)M i — 5.4, (k) Rs o 1
2 i=1

(D—94,k)e®,912x[671] i=1

for
T T

M5,i Z:J XéA'I-(t)dB,SI,'(t), Igv,‘ Z:J XéA',-(t)2dt,
0 0

and Rk, is an error term resulting from Kj i, ¢ D(Ap) in general
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Basic estimates

Lemma [ReiB, Strauch and T. (2023)]

e Forany i€ [671]\ {ko},

I T 112 «—2
Ells, /] = 20 | K [|726 = + O(1),

and, moreover, E[ls k] ~ 8 2;

e for any vector o € R" s.t. oy, =0,

5—1
Var( 3 ailss) < —6 2| ol B I K 2
i=1

e Form:=9% —9°,

\/T
EllRs, k] < HK [|Z2nl52.
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Concentration result

Main observation: Zf:ll o;(ls; — Ells ;] belongs to second Wiener chaos for an appropriate isonormal
Gaussian process associated to (X (t))¢cpo,11.icis—1; ~ Vverify conditions for Bernstein-type
concentration inequality of Malliavin differentiable random variables from Nourdin and Viens (2009)*
Proposition [ReiB, Strauch and T. (2023)]

Let @ € R} \ {0} s.t. ax, = 0. Then, for any z > 0, we have

z 9? z
[FD’ oc,-l,-f[El,-}>z < 2ex (7 = ; )
( ; (s, = Ells.l) ) P\ ™ 4ol 2+ 21y il ]

1. Nourdin and F.G. Viens (2009). Density formula and concentration inequalities with Malliavin calculus. Electron. J. Prob.,
14:no. 78, 2287-23009.
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Basic consistency result

Reformulate contrast function in terms of an empiricial process: Let

5 51
1 —
59,9, h) =85 g 95.i([h/8]) )2/5,,-—;(85,;([ h/81)—98 )Ms, ). (9,9, h) € 8, 8°x(0, 1]
Then,
L0, 95,7°) = min  L5(X)+ Op(d),
XE[M.912x (0,1]

and we can show that

sup | Ls(x) — ELLs ()]l = op(1).
X€[D,912x(0,1]

Theorem [ReiB, Strauch and T. (2023)]

Suppose that x°(8) = (8° (8), 99 (8), °) = (9*,9%,7°). Then, for X° == (_,9.,79), it holds
—

R —X°(8) = 0.
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Rate of convergence

e For the semimetric (75 defined by
d2((0—, 94, h), (0,0, H)) =10 — 0 P+ 10, — 0, +1lhls — [W]s], [hls = 8[h/5],
we have the local convexity property
ELCs(x)] — ELLs (X°(8))] > a1d?(x. X°(8)), X € B3, x),

for k small enough, provided that n| = [9%.(5) —9°(8)| >n >0
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we can use this information to infer the rate of convergence rs by choosing rs maximally s.t.
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Rate of convergence

e For the semimetric Jg, defined by
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E[  sup  [(£s —ELs) () — (€5 — ELsNOG)]] < caws (),
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(i) &+ r2Ws(ryt) is bounded
(ii) 55(?5) < infxe[ﬁ,5]2><(0,l] Ls(x) + OP(f§2)

Theorem [ReiB, Strauch and T. (2023)]
Suppose that x°(8) = x* and that | =1 for all & € 1/N. Then, 5 /2ds(Xs,x°(5)) = Op(1). In
- ]

particular, N
P10 =0p(5) and I —d% = Op(3¥?).
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Limit theorem for vanishing jump height

e for the previous consistency result it was crucial that the jump height 1 does not vanish

e assume now that 1] — 0 and that the nuisance parameters 9% =99 (8) are known
d—

e CUSUM estimator: T = Eé, where

K 2
k= arg max Z <19(l JT XEAV,[t)dX&,-(t) _ (®2) JTXzﬁ.(t)Z dt>
0

k=1,.,671 7

i=k+1 0 2 0
= arg max Z,
k=1,..,61
for
0, k = ko,
Zk: nZ, k+1Jo XbA:( )de/ T12 = k+1 0 X5,( )2dt+ﬂR5'k0, k<k0,.
2
Ny k0+1jo Xt ng,, by - ko+1.[0 Xg;(t)? dt, k > ko,
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Limit theorem for vanishing jump height

Reformulate the estimator again in terms of an M-estimator: Let v5 = 83/12, and define
M}?é(h), I}?é(h) appropriately s.t. for

Zs(h) =nMF5(h) + L 155 (h),

we have
Zé(vgl(?—”ro)) = min z5(h) e Op(ﬂ2672) = min zg(h) = O[p(].),
heR heR

provided 11 = o(§).
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Zé(vgl(”?—”ro)) = min z5(h) e Op(ﬂ2672) = min zg(h) = O[p(].),
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Theorem [ReiB, Strauch and T. (2023)]
Assume 1 = 0(8) and %2 = o(n). Then, for a two-sided Brownian motion (B**(h), h € R), we have

TIIK'||7 d o |hl
1 PR 2~ . ni
S o (T—1) —>ar%€mR|n{B (h) + > } as & — 0.
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e for a stochastic heat equation with piecewise constant diffusivity, we construct a simultaneous
M-estimator for the nuisance parameters 9% and the change point t° from multiple local
measurements

e we prove consistency of the estimator and, in case of non-vanishing jump height, demonstrate
1% =0p(5) and B —9% = Op(5'2))

e in case of vanishing jump height and known nuisance parameters 9 we construct a change point
estimator T obeying the limit theorem

2TIK'Z L
n 2~ .0y d : “
¥ o9 (T—1") Har%ergm{B (h) + 5 }, as & =0,

provided 1 = 0(8) and §%2 = o(n)
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Thank you for your attention!
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