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PDE basics



(Deterministic) Heat equation

Let O be a domain in RY.
Heat equation

The heat equation with Dirichlet boundary conditions and initial condition g € L%(9):

a(t,x) = Au(t,x), te(0,T],x €O,
u(t,x) =0, t€(0,T],x €90,
u(0, x) = g(x), x €0,

where Au(t, x) == Z;; af/_u(t, x) and u(t, x) := oyu(t, x). The associated integral equation is
u(t,x) = g(x) + Jot Au(s, x) ds.
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u(0, x) = g(x), x €0,

where Au(t, x) == Z;d:1 af/_u(t, x) and u(t, x) := oyu(t, x). The associated integral equation is
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Requirements on a strong solution in an [?-sense:
o 0= d,u € L%(0, T; L%(O)) exists in a weak sense.
. forae. t € (0, T], Au(t,-) € L2(O)
~ u e 120, T; HX(0))

« uvanishes in an appropriate sense on the
boundary ~ u(t,-) € L%(0, T; H}(0))
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To keep the presentation light, we will mostly focus on weak solutions in the following. 318



Solving the heat equation

O = RY: define
1 ,M

« the heat kernel Ki(x,y) := Gt

L2(RY) > LX(RY),

S(t):
z S(t)z = IJRd Ki(C, y)z(y) dy,

for t > 0and S(0) =/
Then, for any intial condition u(0) = g € L2(RY), the

mild solution

u(t) = S(t)g

is the unique weak solution.

4/18



Solving the heat equation

O = RY: define
1 ,M

« the heat kernel Ki(x,y) := Gt

L2(RY) > LX(RY),

S(t):
z S(t)z = IJRd Ki(C, y)z(y) dy,

for t > 0and S(0) =/
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mild solution

u(t) = S(t)g

is the unique weak solution.

O bounded:

« the Dirichlet Laplacian A is a self-adjoint operator
with discrete spectrum consisting of eigenvalues
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« define S(0) = I and for ¢t > 0, S5(t) = e'? via
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u(t) = S(g = Y, eMXey, g)ex-

keN

4/18



Solving the heat equation

O = RY: define O bounded:
thelheatkernallia oy = 1d e th.e Dlrlchlet Laplacian A is 2.1 S?hc adJo.mt operator
(ant)d/2 with discrete spectrum consisting of eigenvalues
° 0>/112)~22"'2/1n2"'
[2(R) > [2(RY), « define $(0) = I and for t > 0, S(t) = e'2 via
S(t): 2o Sz = f]Rd Ky( y)2(y) dy, spectral calculus: for orthornormal eigenpairs

(Ak> ex)g>1 of A set

S(t)z = Z eMt{ey, 2)ey.

kelN

for t > 0and S(0) =/

Then, for any intial condition u(0) = g € L2(RY), the
mild solution
u(t) = S(t)g For any intial condition u(0) = g € L2(RY), the
unique weak solution is given by the mild solution

u(t) = S(g = Y, eMXey, g)ex-

keN

is the unique weak solution.

In both cases, (S(t))s>g is a Co-semigroup of bounded linear operators on L%(09) in the sense

o S(t+s)=S(t)S(s), Vs, t>0;
o limgo|S(Hz —z] =0, Vze L%(0)

Moreover, for any z € LX(O): %S(t)z =AS(Dz [= S(D)Azif z € D(A)] e



The inhomogeneous heat equation

Let us now introduce an external heat source f(t, x) to the heat equation, i.e., consider the initial value problem
u(t,x) = Au(t,x)+f(t,x), t€(,Tl,xeO,
u(t,x) =0, te (0, T],x €90,
u(0, x) = g(x), x€0.
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t
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0

Then, for any ¢ € D(A) = H2(0) N H}(O):

t t t s
J (u(s), Ap) ds = J (S(s)g, Ap)ds + J J (S(s = v)f(v),Ap) dvds
0 0 0 -0
t t s
= J (g.5(s)Ap)ds + J J (f(v),S(s = v)Ap) dvds
0 0 -0

ty "
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f =
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The general Cauchy problem for nonhomogeneous equations

We replace the Dirichlet-Laplacian A on L%(©9) with the infinitesimal generator A of a Cy-semigroup (S(t))¢>o on a
separable Hilbert space ¢, i.e., A is a linear operator given by

D(A) = {z € 7 : 3 -limyyy 2022

D(A) 3 z = Az == H -limy

exists}
S(t)z—z
-
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The general Cauchy problem for nonhomogeneous equations

We replace the Dirichlet-Laplacian A on L%(©9) with the infinitesimal generator A of a Cy-semigroup (S(t))¢>o on a
separable Hilbert space ¢, i.e., A is a linear operator given by
S(t)z—z

exists}

D(A) ={z € ¢ : 3¢ -limyg
S(t)z—z
-

D(A) 3 z = Az == H -limy

For g € # and f € L'([0, T]; %), the mild solution u(t) = S(t)g + fot S(t — s)f (s) ds is the unique weak solution for
the Cauchy problem
Zu(t) = Au(t) + f(1), te(0,T],
u(0) = g,
in the sense

t
Vo € D(A"), t€[0,T] : (u®).9) =(g.¢) +J (u(s), A*p) + (f(s). ) ds.
0

« Hille-Yosida theorem: full characterisation of generators of Cy-semigroups satisfying [S(¢)| < Me®t for all t > 0.
In particular, D(A) needs to be dense in  and the resolvent R) = f;o e MS(t) - dt needs to exist as a bounded
linear operator for all 1 > .

- analytic semigroups are particularly nice to work with since they have the smoothing effect $(t)z € D(A) for all
t>0and z € H
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Examples of generators

« any bounded linear operator A on # generates the semigroup S(t) = e”A == Ene]No %

- elliptic diffusion generators

n 2 n
A = Y (00710055200 + 3 bi(3) 2 2(6) = Tr(aT (V22000 (x) + ()T V()
ij=1 534 i=1 L

where [cT(x)y|> > 1> 0 for all x,y € © and &, b are continuous on ©.

- divergence form operators A = V- 9V for a measurable diffusivity 9: O — [Q,z_9] C (0,00)

Next, we wish to draw connections between stochastic differential equations (SDEs) and PDEs by discussing
probabilistic characterisations of solutions of Cauchy problems associated to elliptic diffusion generators.

718



PDE solutions from the perspective of stochastic analysis




The finite-dimensional stochastic integral

« let (B(t))¢>o be a F-Brownian motion for a
filtration F = (Fp) >0, i.€.,
« By=0as;
e t B, is continuous a.s.;
« forall 0 < s <t, B(t)— B(s) < B(t - 5) ~ N0, ¢ — s);
« forall 0 < s <t B(t) — B(s) is independent of F.
- we want to define a stochastic integral
fot @(s) dB(s) for appropriate stochastic processes ®
- this cannot be defined w-wise as a Stieltjes integral
because B has unbounded variation:
lim >, IB(s) = B(s) =0, P-as,
[(8)—0 SeM(H\{t}
where I1(t) is a finite partition of [0, t] with mesh
ITI(¢)| and s’ = min{u € TI(t) : u > s} for
s e II(t) \ {t}.
« however, the quadratic variation is finite:

(BY,:=1% lim 3 |B(s)~B(s)P =t

[T(8)]—0 sell(H)\{t}
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The finite-dimensional stochastic integral

« let (B(t))¢>o be a F-Brownian motion for a
filtration F = (Fp) >0, i.€.,
« By=0as;
e t B, is continuous a.s.;
. forall 0< s < t, B(t)— B(s) < B(t - 5) ~ N(0, ¢ — s;
« forall 0 < s <t B(t) — B(s) is independent of F.
- we want to define a stochastic integral
fot @(s) dB(s) for appropriate stochastic processes ®

« this cannot be defined w-wise as a Stieltjes integral
because B has unbounded variation:
lim >, IB(s) = B(s) =0, P-as,
()| —0 SeM(H\{t}
where I1(t) is a finite partition of [0, t] with mesh
ITI(¢)| and s’ = min{u € TI(t) : u > s} for

seII(t) \ {t}.
« however, the quadratic variation is finite:
BY, = L% lim B(s) - B(s)I* =t
By, = - i 5% 186 =6

The general construction scheme is as follows:

1. define the class 1 of elementary processes on
[0, T] as processes of the form

o)=Y

sell(T\{T}

Ts1(s,s'](t)’ telo,T|

for some partition II(T) and random variables
¥, € F; and let M% be the space of cadlag
square-integrable F-martingales® on [0, T]

2. define the stochastic integral I(®) = Io d(s)dB(s)
for elementary processes via the mapping
I: &7 > M5, I(@®)(6)= ). ¥ (B(s'At)-B(sAL)).

sell(T)

Since B is a continuous martingale with quadratic
variation {B), = t we obtain

.
@I = E[(@)X(T)?] = E[j () dt]| = o3,
0

so | is an isometry.

“a process (M) c[o,7] is called an F-martingale if M; € L'(P) and
E[M; | Fs]=Msforall0<s<t<T 8/18



The finite-dimensional stochastic integral

The general construction scheme is as follows: . . . .
& 3. Since MZT is a Banach space and / is an isometry,

1. define the class £ of elementary processes on we can extend the stochastic integral to processes
[0, T] as processes of the form in the closure &7 := 7117, The Ito-isometry
T 2 T
o)=Y W0, telo,T] ]E[(J (1) dB(D)) | = ]E[J (D) dt
sell(T)\{T} 0 0

extends to all ® € E7.
for some partition II(T) and random variables _
¥, € 7, and let M2 be the space of cadlag 4. &7 can be characterised as the class of processes ®

such that |®] < oo and which are F-predictable,
i.e., processes that are measurable w.r.t.

o(Y: Qx[0,T] >R :

square-integrable F-martingales? on [0, T]

2. define the stochastic integral I(®) = Jo d(s)dB(s)
for elementary processes via the mapping

I: &5 — M2, I(®)t) = Z ¥ (B(s' At)—B(sAL)). Y is left-continuous and F-adapted)
sell(T) 5. if B=(Bj,..., By) is a d-dimensional Brownian
Since B is a continuous martingale with quadratic motionand ®: Qx[0,T] > R™ jsa
variation { B)), = t we obtain matrix-valued predictable process, we define
- 2 2 2
@ = E[U@)(T)?] f () dt] = Jl2. j (s) dB(s) = Z J b, 0d80)
so | is an isometry.
m

“a process (My),c[o, 7] is called an F-martingale if M; € L'(P) and = J (D(s)e;, 6,'> dB -(s)e,-.
E[M, | ;] =M forall0< s<t< T S5 ! 81



From SDEs to PDEs

Consider the stochastic differential equation on RY, given by
dX(t) = b(X(2)) dt + o(X(8))dB(t), Xp=¢.

for a Lipschitz drift b: R? — R? and a uniformly elliptic, bounded continuous matrix function o: RY — R9*4.
Under these conditions there exists a unique strong solution: for a fixed F-Brownian motion, this is an F-predictable
process X such that almost surely,

t t
X(t)=¢+ J b(X(s))ds + J a(X(s))dB(s), t=>0.
0 0
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From SDEs to PDEs

Consider the stochastic differential equation on RY, given by
dX(t) = b(X(2)) dt + o(X(8))dB(t), Xp=¢.

for a Lipschitz drift b: R? — R? and a uniformly elliptic, bounded continuous matrix function o: RY — R9*4.
Under these conditions there exists a unique strong solution: for a fixed F-Brownian motion, this is an F-predictable
process X such that almost surely,

t t
X(t)=¢+ J b(X(s))ds + J a(X(s))dB(s), t=>0.
0 0

« let X* denote the strong solution given X(0) = x.

« fix a bounded domain O and let 7 = inf{t > 0 : X{ € 90}. On the space of bounded measurable functions
Bp(0) define the sub-Markov Cy-semigroup (P(t))>o by

P(Of() = E[f(XNyicrzy]. x€ 0,820,

which is the transition semigroup of the diffusion killed when exiting O
« it can be shown that this semigroup has the Feller property P(£)Cy(O) C Cy(O)
« (P(t))=0 can be extended to a Cy-semigroup (S(t))sq on L2(O).

9/18



From SDEs to PDEs
. Ito’s formula gives for any ¢ € C2(©0) and Ap(x) = 2!/ 1(th),j(x)—(p(x) + Z, " b,-(x)i(p(x),

PO (O grryy = (000 + J Aw(XX(s))ds+J V(p(XX(s))~J(XX(S))dB(s))1{t<T(x9}
0 0

AT AT
= (00 + f Ap(X(s)) ds + j Vp(X () - (X () dBS) ) Tgrersy
0 0
t
= P(t)p(x) = E[p(X*(DN1j1<rx3] = 0(x) + J E[Ap(X* (D1 s<rz3] ds — E[p(X* (D) 1grx <]
0

t
= o(x) + I P(s)Ap(x)ds — ]E[(p(XX(t))I{TéSt}]
0

= Vxe0:

B t
HAgtd =y (f)"’("t) o) _ ! L P(5)AP() ds + ¢ E[pOC (D)1 e 2 POA() = Ap().

=o(t)
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« since (P(t))¢>o is Feller, the limit holds uniformly in x; boundedness of O thus yields
12 _lim S(He—¢ — 2. | PDe—¢ _ Ag.
to ¢ t
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From SDEs to PDEs
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~> the second order differential operator A is the infinitesimal generator of (5(t));>o and D(A) D C%(0).
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From SDEs to PDEs
. Ito’s formula gives for any ¢ € C2(©0) and Ap(x) = 2!/ 1(th),j(x)—(p(x) + 2, " b,-(x)i(p(x),
PO (O grryy = (000 + J Ap(X*(s)) ds + J Vo(X*(5)) - o(X*(s)) dB(s))1{t<,é}
0 0
AT AT
= (00 + f Ap(X(s)) ds + j Vp(X () - (X () dBS) ) Tgrersy
0 0

t
= P()p(x) = E[p(X*(tD1jr<rx3] = 00 + | E[Ap(X* (D1 gs<rzy] ds — E[o(X* )1y <]
o 0 o (0}

t
= () + | P()Ap(x)ds — E[p(X* ()1 grx <]
o [0}

P()p(x) —(x) 1 (" 1
— Vxe0: M -1 J P$)Ap(x)ds + 7 E[pOX ()] 7= POARX) = Ap(0).
—
! =o(t)
« since (P(t))¢>o is Feller, the limit holds uniformly in x; boundedness of O thus yields
12 | S(He—¢ — 2. “ P(t)tp 4 = Ag.

t tl0
~» the second order differential operator A is the infinitesimal generator of (5(t))>0 and D(A) D C%(0).

u(t,x) = Au(t,x), t€(0,T],x €O,
« (x,t) = E[p(X{)] solves the Kolmogorov backward equation { u(t, x) = 0, te(0,T],x €90,
u(0, x) = p(x), x € 0. RS



Infinite dimensional stochastic analysis and SPDEs




Stochastic heat equation (informal)

Recall that if (Sp)i=0 = (ef®);>0 is the Cyp-semigroup generated by the Dirichlet Laplacian on L?(9), then
u(t) = S(t)g + fot S(t — s)f (s) ds is the unique weak solution of the heat equation

i(t) = Au(t) + f(D), t€(0,T],
u(0) = g,
provided the external heat source f : [0, T] — L%(O) is integrable.
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Stochastic heat equation (informal)

Recall that if (Sp)i=0 = (ef®);>0 is the Cyp-semigroup generated by the Dirichlet Laplacian on L?(9), then
u(t) = S(t)g + J}; S(t — s)f (s) ds is the unique weak solution of the heat equation
u(t) = Au(t) + (1), te(0,T],
u(0) = g,
provided the external heat source f : [0, T] — L%(O) is integrable.
Stochastic heat equation (idea): replace f with (or add to f) some Gaussian random function WQ(t, x) such that

(i) qis a generalised function on O and the symmetric
nonnegative covariance operator Q is given by
(21.Qz) = [[ o, 9(x = y)z1(x)2(y) dx dy

(i) WA(t, x) ~ N(0, g(0)) for t > 0,x € O

(i) E[WQ(t, )W (s, y)] = 8(t — s)q(x — y) for
5,t>0,x,y €0

If Q = I (that is, g = ) we call W = W! white noise,

otherwise coloured noise (in space)
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Recall that if (Sp)i=0 = (ef®);>0 is the Cyp-semigroup generated by the Dirichlet Laplacian on L?(9), then
u(t) = S(t)g + J}; S(t — s)f (s) ds is the unique weak solution of the heat equation

i(t) = Au(t) + f(D), t€(0,T],
u(0) = g,
provided the external heat source f : [0, T] — L%(O) is integrable.

Stochastic heat equation (idea): replace f with (or add to f) some Gaussian random function WQ(t, x) such that

« Intuition: a weak solution to the stochastic
equation i(t, x) = Au(t, x) + WA(t, x) with
u(0) = 0 is given by the stochastic convolution

(i) qis a generalised function on O and the symmetric
nonnegative covariance operator Q is given by
(21.Qz) = [[ o, 9(x = y)z1(x)2(y) dx dy

A o t

(i) WA(t, x) ~ N(0, g(0)) for t > 0,x € O u(t,) = J S(t = )Ws, ) ds

(i) E[WQ(t, x)W (s, y)] = 6(t — s)q(x — y) for 0

5,t>0,x,y €0
If Q = I (that is, g = ) we call W = W! white noise,
otherwise coloured noise (in space)

« Problem: W@ only exists in a distributional sense

~» we need to interpret the stochastic convolution as

an appropriate stochastic integral
t
u(t) = J S(t—s)dwl
0
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Hilbert space valued Wiener process

« Let Q be a nonnegative symmetric operator on J and (e )ren be an ONB of (ker Q)* consisting of
Q-eigenvectors e with eigenvalues g, > 0, i.e.,

+ Qe = qre forall ke N
. forany z € (kerQ*, z=3 _\(z ere
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« let (Br)ken be a sequence of independent Brownian motions and set

WD) = Y Jarehi(t), telo,Tl.

k=1
- ifTrQ = Zf:]<ek, Qey) = 220:1 gk < o0, then for W~ := 22:1 JakewPr(t) we have for n > m e IN

E[ sup [w2n(t) - wam(n]?| < Z qu[ s ﬁk(t)Z]dt<4 Z GE[f(T)] = 4T Z G — 0.
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Hilbert space valued Wiener process

Let Q be a nonnegative symmetric operator on  and (ex)en be an ONB of (ker Q)* consisting of
Q-eigenvectors e with eigenvalues g, > 0, i.e.,
o Qe = qre forall ke N

. forany z € (kerQ)*, z=Y, Z, er)e.

nE]N<
let (Br)ken be a sequence of independent Brownian motions and set

WD) = Y Jaeepi(t), telo,Tl.
k=1

ifTrQ= Zf:](ek, Qey) = 220:1 gk < oo, then for Wta’" = 22:1 JakekPi(t) we have forn > me N

B[ sup W) - wanop] < 3 [ sup pcr]de<a Y GEATRI=4T 3 @ — o

tef0,T] k=m+1 k=m+1 k=m+1 T

if (and only if) Q'/2 is Hilbert-Schmidt! (or, equivalently, Q is trace class), then (WQ(1)) ;> defines a
continuous #(-valued process on [0, T] and we call it a Q-Wiener process

Tthat is, for some (and then for any) complete orthonormal basis (&;)cn it holds that co > ZZO:1|\Q1/251(H2 = Z:;(ék’ Qéy), in which case the
Hilbert-Schmidt norm is defined by HQVZ\I,Z,B = ZTZIHQ]/Zék"Z
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O-Wiener process

« the F-valued Q-Wiener process WQ(t) = 2:;1 JakekPr(t) has the following properties

. W) =0;
the trajectories t = WQ(t) are P-a.s. continuous
the increments WQ(t,) — W(ty), ..., WQ(t,) — W(t,_,;) are independent forall 0 < t; < t, < -+ < t, < Tand n€ N
forany 0 < s<t< T, Wa(t) — Wa(s) £ Wa(t - 5)
for any t € [0, T], W(t) ~ NV(0, tQ), that is, WQ(t) is a Gaussian random variable? on € with mean 0 and covariance
operator Q

2generally, we say that X ~ N(m, Q) for some m € J( and a trace-class, symmetric nonnegative operator Q, if for any z,..., z, € ¥, n € N it holds that

W2y ~N((mz) . (2 @) )

ij=1
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« forany t € [0, T], W(t) ~ N(0, tQ), that is, WQ(¢) is a Gaussian random variable? on € with mean 0 and covariance
operator Q

« conversely, any F(-valued process W2 with the above properties can be decomposed as

=) H —Q -
WA(t) = 3,7, VGkexBi(t) by setting fi(t) = <W\/(qik) .

. for Q = I (“integrated white noise”) the series does not converge a.s. or in L?(P) since by the LLN

N

IWEN@BI2 = 3 B(t) < NE[IBi(B)2] = Nt as N — oo
k=1

2generally, we say that X ~ N(m, Q) for some m € J( and a trace-class, symmetric nonnegative operator Q, if for any z, .., z, € J(, n € N it holds that

Wz ~N((mz) . (2 @) )
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Cylindrical Wiener process

« we have just seen that the cylindrical Wiener process

W = Y, flDer, te0,T],

keN

cannot be interpreted as an #-valued random variable

3we write £,(F(, JC;) for the class of Hilbert-Schmidt operators from J( to F(;, which are defined as linear bounded operators L : F — J(; such that
"LH,ZCZ(}(JQ) = ZngHLek"_g}(] < oo for some (any) orthonormal basis (ey) of H
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Cylindrical Wiener process

« we have just seen that the cylindrical Wiener process
wW(t)= Y flte, telo,T],
keN
cannot be interpreted as an #-valued random variable
« however, if for another Hilbert space %y, L : J — J¢; is Hilbert-Schmidt, then
LW(t):= ) B(t)Ley, te(0,T]
keN
defines an a.s. continuous J(;-valued process since for S, = 2221 Prley and n > m,

n

E[ sup 15,(8) = Sm(Olf, | <4 sup E[ISn(®) = Sn(0lg ] =4 sup DD (Lew Le)ac, E[B(HB(D)]
te[0,T] telo,T] te[0,T] k=m+1 [=m+1 W’
=E[f (k=0

n

=4 sup E[{(0] ). ILely,
te[0,T] k=m+1
n

=4T ) Ilexlfe, — o
k=m+1 i

3we write £,(F(, JC;) for the class of Hilbert-Schmidt operators from J( to F(;, which are defined as linear bounded operators L : F — J(; such that
||LH22(}(0{1) = ZkeNHLekHé{] < oo for some (any) orthonormal basis (ey) of H
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Cylindrical Wiener process
« let 7(; be a larger Hilbert space that densely

contains # and is such that the inclusion map
12 H — JHy,z — zis Hilbert-Schmidt
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« let 7(; be a larger Hilbert space that densely
contains # and is such that the inclusion map
12 H — JHy,z — zis Hilbert-Schmidt

« this is always possible: e.g., we can consider the
completion 7 of H w.r.t. the norm
"”é{] = ZkeN k72<5k) '>2
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contains # and is such that the inclusion map
12 H — JHy,z — zis Hilbert-Schmidt
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completion 7 of H w.r.t. the norm
Mae, = 2 pen kXt )2

« W(E) = 3o Be(Dex may then always be
intepreted as an u*-Wiener process on 7 and we
can identify W with (W since
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keN keN

15/18



Cylindrical Wiener process

let #(; be a larger Hilbert space that densely
contains # and is such that the inclusion map

12 H — JHy,z — zis Hilbert-Schmidt

this is always possible: e.g., we can consider the
completion 7 of H w.r.t. the norm

Mae, = 2 pen kXt )2

W() =3 en B(Dex may then always be
intepreted as an u*-Wiener process on 7 and we
can identify W with (W since

WD) = ) ey = ) fDer, te[0,T].

keN keN
for z € J(, the operator L, : H > R,y > (y, z) is
Hilbert-Schmidt. Writing L, = (-, z), we obtain

(WD, 2) = LW = Y Btz ex).

kelN

(W), 2)),eq¢ is also called a generalised Wiener
process
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for z € J(, the operator L, : H > R,y > (y, z) is
Hilbert-Schmidt. Writing L, = (-, z), we obtain

(WD, 2) = LW = Y Btz ex).

kelN

(W), 2)),eq¢ is also called a generalised Wiener
process

« (W(1), 2))sefo,T],ze5¢ is a centered Gaussian

process on [0, T| x  with covariance function

C((t, 2),(t",2")) := Cov ({W(1), 2),{ W(t'), 2'))
= Y (zaXz, epEIA(()]

k,leEN
=(tAt) Yz e e)
keN
=(tAt')z,2').
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contains # and is such that the inclusion map
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this is always possible: e.g., we can consider the
completion 7 of H w.r.t. the norm
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W() =3 en B(Dex may then always be
intepreted as an u*-Wiener process on 7 and we
can identify W with (W since

WD) = ) ey = ) fDer, te[0,T].

keN keN
for z € J(, the operator L, : H > R,y > (y, z) is
Hilbert-Schmidt. Writing L, = (-, z), we obtain

(WD, 2) = LW = Y Btz ex).

kelN

(W), 2)),eq¢ is also called a generalised Wiener
process

« (W(1), 2))sefo,T],ze5¢ is a centered Gaussian
process on [0, T| x  with covariance function

C((t,2),(t",2")) == Cov ({W(t), 2),{W(t"), 2"))

= Y (zaXz, epEIA(()]

k,leEN
=(tAt) Yz e e)
keN
=(tAt')z,2').

~> if z,z’ satisfy |z| = |z’ = 1 and are orthogonal,

then ((W(1), 2))seqo,7] and (W(1), 2'))sefo, 7] are
independent Brownian motions.
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The stochastic integral

« let Q be trace class (i.e., Zk g <o)orQ=1(ie,
gk = 1) and consider a Q-, resp. cylindrical
F-valued Wiener process WQ = e Prej for
e} = JGkek, which is an ONB of % = Q'/2(J¢)
endowed with (u, v)y = (Q 'u, v)

letalso ®: Qx [0, T] > £,(Fy, U) be a
Hilbert—Schmidt operator valued predictable
process, where U is another separable Hilbert
space with (some) at most countable ONB (€;) e/,
whence ®(t)- = 3. (O(t) -, é))qr&;
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Hilbert—Schmidt operator valued predictable
process, where U is another separable Hilbert
space with (some) at most countable ONB (€;) e/,
whence ®(t)- = 3. (O(t) -, é))qr&;

Definition
For®: Qx [0, T] > £,(H, W) as above such that
E[JOT||¢(t)||22(%0 ) dt] < oo, we define the stochastic

integral @ W(t) = [ ®(s) dW(s) for t € [0, T] by

t t
[20awam = 5 [@od oo
0

0 keN,iel
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The stochastic integral

. let Q be trace class (i.e., 3, gy < ) or Q = I (i.e The [t6 isometry results from the 1D It6 isometry:
€ D = (ie,

gk = 1) and consider a Q-, resp. cylindrical E[|e- W3] = J (©(s)ey, éu dﬁk(S)) ]
F-valued Wiener process W@ = e Prej for kE]N :el
0 _ inh d — 01/2 t

e, = \/qkek, which is an ONB of #, = Q'/*(#) J 0 x\2 0 <12

. N = E[ | (2(s)ey, i)y ds| = E (@(s)ey, €))7, ds
endowed with (u, v)y = (Q 'u, v) k%;\l; [ ! ] [ o kgl;\l; ! ]

« letalso @: Qx[0,T] > L(FHp, U) be a
— 2

Hilbert—Schmidt operator valued predictable E[J |<I>(5)ek|| ds] E[J ||CI>(5)HL 2(FCo, W) ]
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The stochastic integral

« let Q be trace class (i.e., Zk g <o)orQ=1(ie,
gk = 1) and consider a Q-, resp. cylindrical
F-valued Wiener process WQ = e Prej for
e} = JGkek, which is an ONB of % = Q'/2(J¢)
endowed with (u, v)y = (Q 'u, v)

letalso ®: Qx [0, T] > £,(Fy, U) be a
Hilbert—Schmidt operator valued predictable
process, where U is another separable Hilbert
space with (some) at most countable ONB (€;) e/,
whence ®(t)- = 3. (O(t) -, é))qr&;

Definition
For®: Qx [0, T] > £,(H, W) as above such that
E[JOT||¢(t)||22(%0 ) dt] < oo, we define the stochastic

integral @ W(t) = [ ®(s) dW(s) for t € [0, T] by

t t
[20awam = 5 [@od oo
0

keN,iel ©0

The It6 isometry results from the 1D 1t6 isometry:

E[le- Wa(l] = [ (@(s)e). & () |

ke]N :el

| J @, &% ds] = ] j Y S @) ) ds]

keN i€l 0 keN iel

_E”

Moreover for any z € U we obtain the linearity property

t t
([ 20awem.z), = 3 [ T@6ed et dhis
0 0

kelN i€l

|<1>(5)ek||2 ds] E[J ||‘D(5)”L (T, ) ]

t
- Z J (®(s)e, 2y dPi(s)

keN -0

t
- J (@(s)- 2y dWQ(s).
0

For U = 7, continuing the calculation yields

t Q t . Q t . Q
<L o(s) dWQs), z> = L (0%(s)z,-y dWQ(s) = L (®*(s)z,dW | ((2)



Linear stochastic evolution equations with additive noise

Weak solutions of linear equations with additive
noise

Let A be the infinitesimal generator of a Cy-semigroup
(5(8))¢=0 on J and WQbeanF = (Ft)eefo,1)-adapted
process, which is either a Q-Wiener process or, for
Q = I, the cylindrical Wiener process. A weak solution
to the stochastic evolution equation

dX(t) = AX(t)dt + dW(t)

X(©) =& € %,

is an F-predictable process with a.s. integrable paths
such that a.s.

Vz € D(A*),te[0,T] :

t
(X(D,2) = (Xo.2) + j (X(), A2) ds + (WD), 2).
0
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Linear stochastic evolution equations with additive noise

Weak solutions of linear equations with additive
noise

Let A be the infinitesimal generator of a Cy-semigroup
(5(8))¢=0 on J and WQbeanF = (Ft)eefo,1)-adapted
process, which is either a Q-Wiener process or, for

Q = I, the cylindrical Wiener process. A weak solution
to the stochastic evolution equation

dX(t) = AX(t) dt + dWQ(t)
X(O) = § € fo,

is an F-predictable process with a.s. integrable paths
such that a.s.

Vz € D(A*),te[0,T] :

t
(X(D,2) = (Xo.2) + j (X(), A2) ds + (WD), 2).
0

Theorem

Suppose that J0T||S(t)||22(%0m dt < oo. Then, the
unique weak solution is given by the mild solution

t
x<r)=s(r)§+J S(t—s)dWQ(s), telo,T],
0

where WAQ(-) = Jo S(-— s) dWQ(s) is called the
stochastic convolution.

Proof (Sketch).  Assume for simplicity & = 0. Then,
t t

I (X(s), A*z) ds = j (A2, WO(s)) ds
0 0

t s t t
= J J- (S (s = Az, dWr))ds = J <J S*(s —r)A*zds, dWQ(r)>

0 Jo 0 r
= J: < LH %S*(s)z ds, dWQ(r)> = Lt ($°(t = Nz, dW(r) — (WD), 2)
= (WD), 2) = (WA(8), 2) = (X(t), 2) - (WA(t), 2). O
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The stochastic heat equation

« Suppose that O is bounded. We can now finally discuss weak solutions of the stochastic heat equation
dX(6) = AX(t) + dWQ(2)
for the Dirichlet Laplacian A on L2(0).
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the mild solution X(t) = S(¢)¢ + Jot S(t — s) dW(s) for driving white noise only exists in L2(9) for d = 1
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if Q = I, let (e;)ken an orthonormal eigenbasis of —A with eigenvalues (1;)en having Weyl asymptotics
A = k¥4 Then

! 2 ! th 12 22t e 2MT Sy <0 d=1,
J| 1siste= [ Tl |dt—Zj KD EDE

0 kelN keN keN =00, d2>2

the mild solution X(t) = S(¢)¢ + Jot S(t — s) dW(s) for driving white noise only exists in L2(9) for d = 1
for d > 2, it is however possible to interpret X as a distribution-valued stochastic process.
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The stochastic heat equation

Suppose that O is bounded. We can now finally discuss weak solutions of the stochastic heat equation
dX(6) = AX(t) + dWQ(2)
for the Dirichlet Laplacian A on L2(0).
we need to check if IoT"5(0”%2(L2(O)0,L2(0)) dt = IOTHS(t)Q‘/Z"%,S dt < co.
suppose Tr Q < co. Since (S())so is a self-adjoint semigroup with |S(t)[ < 1, we have
IS(DQ/?J3s = TrQ'/28(1)2Q"/2 = Tr S21HQ < SO TrQ < Tr Q,

which is integrable, whence the mild solution exists and is the weak solution.
if Q = I, let (e;)ken an orthonormal eigenbasis of —A with eigenvalues (1;)en having Weyl asymptotics
A = k¥4 Then

JT‘|5( )"2 d ! Z‘ tA |2d Z 24t ¢ (1 2)LkT) Z k 2/d <oo, d=1,
DI dt = J efber |2 dt = J “2Mt dt = B = =
0 0 keN keN 2’1 kEN =00, d>2.
the mild solution X(t) = S(¢)¢ + Jot S(t — s) dW(s) for driving white noise only exists in L2(9) for d = 1
for d > 2, it is however possible to interpret X as a distribution-valued stochastic process.
for Q = I and deterministic X(0), the tested solutions ((X(-), e} ))xen are independent Ornstein-Uhlenbeck
processes: for f;(s) = (W(s), ),
t
X(0.¢) = (X, 50 +

t
(S(t = s)ep, dW(s)) = e MH(X(0), ef) + J e~ M=) dpr (s).
0

0
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