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PDE basics



(Deterministic) Heat equation

Let 𝒪 be a domain in ℝd .
Heat equation
The heat equation with Dirichlet boundary conditions and initial condition g ∈ L2(𝒪):

⎧

⎨
⎩

̇u(t , x) = Δu(t , x), t ∈ (0,T ], x ∈ 𝒪,
u(t , x) = 0, t ∈ (0,T ], x ∈ 𝜕𝒪,
u(0, x) = g(x), x ∈ 𝒪,

where Δu(t , x) ≔ ∑d
i=1 𝜕

2
xiu(t , x) and ̇u(t , x) ≔ 𝜕tu(t , x). The associated integral equation is

u(t , x) = g(x) + ∫t0 Δu(s, x) ds.

Requirements on a strong solution in an L2-sense:

• ̇u = 𝜕tu ∈ L2(0,T ; L2(𝒪)) exists in a weak sense.

• for a.e. t ∈ (0,T ], Δu(t , ⋅) ∈ L2(𝒪)
⇝ u ∈ L2(0,T ;H2(𝒪))

• u vanishes in an appropriate sense on the
boundary⇝ u(t , ⋅) ∈ L2(0,T ;H1

0(𝒪))

(u(t))t∈[0,T ] ≔ (u(t , ⋅))t∈[0,T ] is called a weak solution if

• t ↦ u(t , ⋅) ∈ 𝒞(0,T ; L2(𝒪)).

• for any test function 𝜑 ∈ D(Δ) = H2(𝒪) ∩ H1
0(𝒪):

⟨u(t), 𝜑⟩ = ⟨g, 𝜑⟩ + ∫
t

0
⟨u(s), Δ𝜑⟩ ds, ∀t ∈ [0,T ].

To keep the presentation light, we will mostly focus on weak solutions in the following.
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Solving the heat equation

𝒪 = ℝd : define

• the heat kernel Kt (x , y) ≔
1

(4𝜋t)d/2
e−

|x−y |2

4t ;

•

S(t)∶ {
L2(ℝd ) ↦ L2(ℝd ),
z ↦ S(t)z ≔ ∫ℝd Kt (⋅, y)z(y) dy ,

for t > 0 and S(0) = I

Then, for any intial condition u(0) = g ∈ L2(ℝd ), the
mild solution

u(t) = S(t)g

is the unique weak solution.

𝒪 bounded:

• the Dirichlet Laplacian Δ is a self-adjoint operator
with discrete spectrum consisting of eigenvalues
0 > 𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆n ≥ ⋯

• define S(0) = I and for t > 0, S(t) = etΔ via
spectral calculus: for orthornormal eigenpairs
(𝜆k , ek)k≥1 of Δ set

S(t)z ≔ ∑
k∈ℕ

e𝜆k t ⟨ek , z⟩ek .

For any intial condition u(0) = g ∈ L2(ℝd ), the
unique weak solution is given by the mild solution

u(t) = S(t)g = ∑
k∈ℕ

e𝜆k t ⟨ek , g⟩ek .

In both cases, (S(t))t≥0 is a C0-semigroup of bounded linear operators on L2(𝒪) in the sense

• S(t + s) = S(t)S(s), ∀s, t ≥ 0;
• limt↓0‖S(t)z − z‖ = 0, ∀z ∈ L2(𝒪)

Moreover, for any z ∈ L2(𝒪): d
dt
S(t)z = ΔS(t)z [= S(t)Δz if z ∈ D(Δ)]
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The inhomogeneous heat equation

Let us now introduce an external heat source f (t , x) to the heat equation, i.e., consider the initial value problem

⎧

⎨
⎩

̇u(t , x) = Δu(t , x) + f (t , x), t ∈ (0,T ], x ∈ 𝒪,
u(t , x) = 0, t ∈ (0,T ], x ∈ 𝜕𝒪,
u(0, x) = g(x), x ∈ 𝒪.

Assume g ∈ L2(𝒪) and ∫T0 ‖f (t , ⋅)‖L2 dt < ∞ and define the mild solution via the variation of constants formula

u(t) = S(t)g + ∫
t

0
S(t − s)f (s) ds.

Then, for any 𝜑 ∈ D(Δ) = H2(𝒪) ∩ H1
0(𝒪):

∫
t

0
⟨u(s), Δ𝜑⟩ ds = ∫

t

0
⟨S(s)g, Δ𝜑⟩ ds + ∫

t

0
∫
s

0
⟨S(s − v)f (v), Δ𝜑⟩ dv ds

= ∫
t

0
⟨g, S(s)Δ𝜑⟩ ds + ∫

t

0
∫
s

0
⟨f (v), S(s − v)Δ𝜑⟩ dv ds

= ∫
t

0

d
ds
⟨g, S(s)𝜑⟩ ds + ∫

t

0
∫
t

v
⟨f (v), S(s − v)Δ𝜑⟩ ds dv

= ⟨g, (S(t) − I)𝜑⟩ + ∫
t

0
∫
t−v

0
⟨f (v), ΔS(w)𝜑⟩ dw dv

= ⟨(S(t) − I)g, 𝜑⟩ + ∫
t

0
∫
t−v

0

d
dw

⟨f (v), S(w)𝜑⟩ dw dv

= ⟨(S(t) − I)g, 𝜑⟩ + ∫
t

0
⟨S(t − v)f (v), 𝜑⟩ dv − ∫

t

0
⟨f (v), 𝜑⟩ dv

= ⟨u(t), 𝜑⟩ − ⟨g, 𝜑⟩ − ∫
t

0
⟨f (s), 𝜑⟩ ds

⟺ ⟨u(t), 𝜑⟩ = ⟨g, 𝜑⟩ + ∫
t

0
⟨u(s), Δ𝜑⟩ ds + ∫

t

0
⟨f (s), 𝜑⟩ ds

⟹ (u(t))t∈[0,T ] is a weak solution
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The general Cauchy problem for nonhomogeneous equations

We replace the Dirichlet-Laplacian Δ on L2(𝒪) with the infinitesimal generator A of a C0-semigroup (S(t))t≥0 on a
separable Hilbert spaceℋ, i.e., A is a linear operator given by

{
D(A) = {z ∈ℋ ∶ℋ - limt↓0

S(t)z−z
t

exists}

D(A) ∋ z ↦ Az ≔ℋ - limt↓0
S(t)z−z

t
.

For g ∈ℋ and f ∈ L1([0,T ];ℋ), the mild solution u(t) = S(t)g + ∫t0 S(t − s)f (s) ds is the unique weak solution for
the Cauchy problem

{
̇u(t) = Au(t) + f (t), t ∈ (0,T ],

u(0) = g,
in the sense

∀𝜑 ∈ D(A∗), t ∈ [0,T ] ∶ ⟨u(t), 𝜑⟩ = ⟨g, 𝜑⟩ + ∫
t

0
(⟨u(s),A∗𝜑⟩ + ⟨f (s), 𝜑⟩) ds.

• Hille–Yosida theorem: full characterisation of generators of C0-semigroups satisfying ‖S(t)‖ ≤ Me𝜔t for all t ≥ 0.
In particular, D(A) needs to be dense inℋ and the resolvent R𝜆 = ∫∞0 e−𝜆tS(t) ⋅ dt needs to exist as a bounded
linear operator for all 𝜆 > 𝜔.

• analytic semigroups are particularly nice to work with since they have the smoothing effect S(t)z ∈ D(A) for all
t > 0 and z ∈ℋ
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Examples of generators

• any bounded linear operator A onℋ generates the semigroup S(t) = etA ≔ ∑n∈ℕ0

tnAn

n!
.

• elliptic diffusion generators

Az(x) =
n

∑
i,j=1

(𝜎𝜎⊤)i,j(x)
𝜕2

𝜕xi𝜕xj
z(x) +

n

∑
i=1

bi(x)
𝜕
𝜕xi

z(x) = Tr(𝜎⊤(x)∇2z(x)𝜎(x)) + b(x)⊤∇z(x),

where |𝜎⊤(x)y |2 ≥ 𝜆 > 0 for all x , y ∈ 𝒪 and 𝜎, b are continuous on 𝒪.

• divergence form operators A = ∇ ⋅ 𝜗∇ for a measurable diffusivity 𝜗∶ 𝒪→ [𝜗, 𝜗] ⊂ (0, ∞)

Next, we wish to draw connections between stochastic differential equations (SDEs) and PDEs by discussing
probabilistic characterisations of solutions of Cauchy problems associated to elliptic diffusion generators.
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PDE solutions from the perspective of stochastic analysis



The finite-dimensional stochastic integral

• let (B(t))t≥0 be a 𝔽-Brownian motion for a
filtration 𝔽 = (ℱt )t≥0, i.e.,

• B0 = 0 a.s.;
• t ↦ Bt is continuous a.s.;

• for all 0 ≤ s ≤ t , B(t) − B(s)
d
= B(t − s) ∼𝒩(0, t − s);

• for all 0 ≤ s < t , B(t) − B(s) is independent of ℱs .

• we want to define a stochastic integral
∫t0 Φ(s) dB(s) for appropriate stochastic processes Φ

• this cannot be defined 𝜔-wise as a Stieltjes integral
because B has unbounded variation:

lim
‖Π(t)‖→0

∑
s∈Π(t)∖{t}

|B(s′) − B(s)| = ∞, ℙ-a.s.,

where Π(t) is a finite partition of [0, t] with mesh
‖Π(t)‖ and s′ = min{u ∈ Π(t) ∶ u > s} for
s ∈ Π(t) ∖ {t}.

• however, the quadratic variation is finite:

⟨⟨B⟩⟩t ≔ L2- lim
‖Π(t)‖→0

∑
s∈Π(t)∖{t}

|B(s′) − B(s)|2 = t

The general construction scheme is as follows:

1. define the class ℰT of elementary processes on
[0,T ] as processes of the form

Φ(t) = ∑
s∈Π(T )∖{T }

Ψs1(s,s′](t), t ∈ [0,T ]

for some partition Π(T ) and random variables
Ψs ∈ ℱs and letℳ2

T be the space of càdlàg
square-integrable 𝔽-martingalesa on [0,T ]

2. define the stochastic integral I(Φ) = ∫⋅0 Φ(s) dB(s)
for elementary processes via the mapping

I ∶ ℰT →ℳ2
T , I(Φ)(t) = ∑

s∈Π(T )
Ψs(B(s′∧t)−B(s∧t)).

Since B is a continuous martingale with quadratic
variation ⟨⟨B⟩⟩t = t we obtain

‖I(Φ)‖2ℳ2
T
≔ 𝔼[(I(Φ)(T ))2] = 𝔼[∫

T

0
|Φ(t)|2 dt] ≕ ‖Φ‖2T ,

so I is an isometry.

aa process (Mt )t∈[0,T ] is called an 𝔽-martingale if Mt ∈ L1(ℙ) and
𝔼[Mt ∣ ℱs] = Ms for all 0 ≤ s ≤ t ≤ T
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aa process (Mt )t∈[0,T ] is called an 𝔽-martingale if Mt ∈ L1(ℙ) and
𝔼[Mt ∣ ℱs] = Ms for all 0 ≤ s ≤ t ≤ T

3. Sinceℳ2
T is a Banach space and I is an isometry,

we can extend the stochastic integral to processes
in the closure ℰT ≔ ℰT ‖⋅‖T . The Itô-isometry

𝔼[(∫
T

0
Φ(t) dB(t))

2
] = 𝔼[∫

T

0
|Φ(t)|2 dt]

extends to all Φ ∈ ℰT .

4. ℰT can be characterised as the class of processes Φ
such that ‖Φ‖T < ∞ and which are 𝔽-predictable,
i.e., processes that are measurable w.r.t.

𝜎(Y ∶ Ω × [0,T ] → ℝ ∶

Y is left-continuous and 𝔽-adapted)

5. if B = (B1, … ,Bd ) is a d -dimensional Brownian
motion and Φ∶ Ω × [0,T ] → ℝm×d is a
matrix-valued predictable process, we define

∫
t

0
Φ(s) dB(s) = (

d

∑
j=1

∫
t

0
Φi,j(s) dBj(s))

⊤

i=1,…,m

=
m

∑
i=1

d

∑
j=1

∫
t

0
⟨Φ(s)ej , ei⟩ dBj(s)ei .
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From SDEs to PDEs

Consider the stochastic differential equation on ℝd , given by

dX (t) = b(X (t)) dt + 𝜎(X (t)) dB(t), X0 = 𝜉 .

for a Lipschitz drift b∶ ℝd → ℝd and a uniformly elliptic, bounded continuous matrix function 𝜎∶ ℝd → ℝd×d .
Under these conditions there exists a unique strong solution: for a fixed 𝔽-Brownian motion, this is an 𝔽-predictable
process X such that almost surely,

X (t) = 𝜉 + ∫
t

0
b(X (s)) ds + ∫

t

0
𝜎(X (s)) dB(s), t ≥ 0.

• let X x denote the strong solution given X (0) = x .

• fix a bounded domain 𝒪 and let 𝜏x𝒪 = inf{t ≥ 0 ∶ X x
t ∈ 𝜕O}. On the space of bounded measurable functions

ℬb(𝒪) define the sub-Markov C0-semigroup (P (t))t≥0 by

P (t)f (x) = 𝔼[f (X x
t )1{t<𝜏 x𝒪}], x ∈ 𝒪, t ≥ 0,

which is the transition semigroup of the diffusion killed when exiting 𝒪
• it can be shown that this semigroup has the Feller property P (t)𝒞0(𝒪) ⊂ 𝒞0(𝒪)
• (P (t))t≥0 can be extended to a C0-semigroup (S(t))t≥0 on L2(𝒪).
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From SDEs to PDEs

• Itô’s formula gives for any 𝜑 ∈ 𝒞2c (𝒪) and A𝜑(x) = 1
2
∑n

i,j=1(𝜎𝜎
⊤)i,j(x)

𝜕2

𝜕xi𝜕xj
𝜑(x) + ∑n

i=1 bi(x)
𝜕
𝜕xi

𝜑(x),

𝜑(X x (t))1{t<𝜏 x𝒪} = (𝜑(x) + ∫
t

0
A𝜑(X x (s)) ds + ∫

t

0
∇𝜑(X x (s)) ⋅ 𝜎(X x (s)) dB(s))1{t<𝜏 x𝒪}

= (𝜑(x) + ∫
t∧𝜏 x𝒪

0
A𝜑(X x (s)) ds + ∫

t∧𝜏 x𝒪

0
∇𝜑(X x (s)) ⋅ 𝜎(X x (s)) dB(s))1{t<𝜏 x𝒪}

⟹ P (t)𝜑(x) = 𝔼[𝜑(X x (t))1{t<𝜏 x𝒪}] = 𝜑(x) + ∫
t

0
𝔼[A𝜑(X x (s))1{s<𝜏 x𝒪}] ds − 𝔼[𝜑(X x (t))1{𝜏 x𝒪≤t}]

= 𝜑(x) + ∫
t

0
P (s)A𝜑(x) ds − 𝔼[𝜑(X x (t))1{𝜏 x𝒪≤t}]

⟹ ∀x ∈ 𝒪 ∶
P (t)𝜑(x) − 𝜑(x)

t
= 1

t ∫
t

0
P (s)A𝜑(x) ds + 1

t
𝔼[𝜑(X x (t))1{𝜏 x𝒪≤t}]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=o(t)

⟶
t↓0

P (0)A𝜑(x) = A𝜑(x).

• since (P (t))t≥0 is Feller, the limit holds uniformly in x ; boundedness of 𝒪 thus yields
L2 - lim

t↓0
S(t)𝜑−𝜑

t
= L2 - lim

t↓0
P (t)𝜑−𝜑

t
= A𝜑.

⇝ the second order differential operator A is the infinitesimal generator of (S(t))t≥0 and D(A) ⊃ 𝒞2c (𝒪).

• (x , t) ↦ 𝔼[𝜑(X x
t )] solves the Kolmogorov backward equation

⎧

⎨
⎩

̇u(t , x) = Au(t , x), t ∈ (0,T ], x ∈ 𝒪,
u(t , x) = 0, t ∈ (0,T ], x ∈ 𝜕𝒪,
u(0, x) = 𝜑(x), x ∈ 𝒪.
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L2 - lim

t↓0
S(t)𝜑−𝜑

t
= L2 - lim

t↓0
P (t)𝜑−𝜑

t
= A𝜑.

⇝ the second order differential operator A is the infinitesimal generator of (S(t))t≥0 and D(A) ⊃ 𝒞2c (𝒪).

• (x , t) ↦ 𝔼[𝜑(X x
t )] solves the Kolmogorov backward equation

⎧

⎨
⎩

̇u(t , x) = Au(t , x), t ∈ (0,T ], x ∈ 𝒪,
u(t , x) = 0, t ∈ (0,T ], x ∈ 𝜕𝒪,
u(0, x) = 𝜑(x), x ∈ 𝒪.
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From SDEs to PDEs
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Infinite dimensional stochastic analysis and SPDEs



Stochastic heat equation (informal)

Recall that if (St )t≥0 = (etΔ)t≥0 is the C0-semigroup generated by the Dirichlet Laplacian on L2(𝒪), then
u(t) = S(t)g + ∫t0 S(t − s)f (s) ds is the unique weak solution of the heat equation

{
̇u(t) = Δu(t) + f (t), t ∈ (0,T ],

u(0) = g,

provided the external heat source f ∶ [0,T ] → L2(𝒪) is integrable.

Stochastic heat equation (idea): replace f with (or add to f ) some Gaussian random function ẆQ(t , x) such that

(i) q is a generalised function on 𝒪 and the symmetric
nonnegative covariance operator Q is given by
⟨z1,Qz2⟩ = ∬𝒪2 q(x − y)z1(x)z2(y) dx dy

(ii) ẆQ(t , x) ∼ 𝒩(0, q(0)) for t ≥ 0, x ∈ 𝒪

(iii) 𝔼[ẆQ(t , x)ẆQ(s, y)] = 𝛿(t − s)q(x − y) for
s, t ≥ 0, x , y ∈ 𝒪

If Q = I (that is, q = 𝛿) we call Ẇ ≔ Ẇ I white noise,
otherwise coloured noise (in space)

• Intuition: a weak solution to the stochastic
equation ̇u(t , x) = Δu(t , x) + ẆQ(t , x) with
u(0) ≡ 0 is given by the stochastic convolution

u(t , ⋅) = ∫
t

0
S(t − s)ẆQ(s, ⋅) ds

• Problem: ẆQ only exists in a distributional sense

⇝ we need to interpret the stochastic convolution as
an appropriate stochastic integral

u(t) = ∫
t

0
S(t − s) dWQ

s
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S(t − s)ẆQ(s, ⋅) ds
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Hilbert space valued Wiener process

• Let Q be a nonnegative symmetric operator onℋ and (ek)k∈ℕ be an ONB of (kerQ)⊥ consisting of
Q-eigenvectors ek with eigenvalues qk > 0, i.e.,

• Qek = qkek for all k ∈ ℕ
• for any z ∈ (kerQ)⊥, z = ∑n∈ℕ⟨z , ek⟩ek .

• let (𝛽k)k∈ℕ be a sequence of independent Brownian motions and set

WQ(t) =
∞
∑
k=1

√qkek𝛽k(t), t ∈ [0,T ].

• if TrQ = ∑∞
k=1⟨ek ,Qek⟩ = ∑∞

k=1 qk < ∞, then forWQ ,n
t ≔ ∑n

k=1 √qkek𝛽k(t) we have for n > m ∈ ℕ

𝔼[ sup
t∈[0,T ]

‖WQ ,n(t) −WQ ,m(t)‖2] ≤
n

∑
k=m+1

qk𝔼[ sup
t∈[0,T ]

𝛽k(t)2] dt ≤ 4
n

∑
k=m+1

qk𝔼[𝛽k(T )2] = 4T
n

∑
k=m+1

qk ⟶
n,m→∞

0.
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qk𝔼[𝛽k(T )2] = 4T
n

∑
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qk ⟶
n,m→∞

0.

⇝ if (and only if) Q1/2 is Hilbert–Schmidt1 (or, equivalently, Q is trace class), then (WQ(t))t≥0 defines a
continuousℋ-valued process on [0,T ] and we call it a Q-Wiener process

1that is, for some (and then for any) complete orthonormal basis ( ̃ek)k∈ℕ it holds that ∞ > ∑∞
k=1‖Q

1/2 ̃ek ‖2 = ∑∞
k=1⟨ ̃ek ,Q ̃ek⟩, in which case the

Hilbert–Schmidt norm is defined by ‖Q1/2‖2HS ≔ ∑∞
k=1‖Q

1/2 ̃ek ‖2
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𝑸-Wiener process

• theℋ-valued Q-Wiener processWQ(t) = ∑∞
k=1 √qkek𝛽k(t) has the following properties

• WQ(0) = 0;
• the trajectories t ↦ WQ(t) are ℙ-a.s. continuous
• the incrementsWQ(t2) −WQ(t1), … ,WQ(tn) −WQ(tn−1) are independent for all 0 ≤ t1 < t2 < ⋯ < tn ≤ T and n ∈ ℕ
• for any 0 ≤ s ≤ t ≤ T ,WQ(t) −WQ(s)

d
= WQ(t − s)

• for any t ∈ [0,T ],WQ(t) ∼𝒩(0, tQ), that is,WQ(t) is a Gaussian random variable2 onℋ with mean 0 and covariance
operator Q

• conversely, anyℋ-valued process WQ with the above properties can be decomposed as

WQ(t) = ∑∞
k=1 √qkek𝛽k(t) by setting 𝛽k(t) =

⟨WQ(t),ek⟩

√qk

• for Q = I (“integrated white noise”) the series does not converge a.s. or in L2(ℙ) since by the LLN

‖W I ,N (t)‖2 =
N

∑
k=1

|𝛽k(t)|2 ≍ N𝔼[|𝛽1(t)|2] = Nt as N → ∞

2generally, we say that X ∼𝒩(m, Q̃) for some m ∈ℋ and a trace-class, symmetric nonnegative operator Q̃ , if for any z1, … , zn ∈ℋ, n ∈ ℕ it holds that

(⟨X , zi⟩)ni=1 ∼𝒩((⟨m, zi⟩)
n
i=1, (⟨zj , Q̃zi⟩)

n
i,j=1)
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Cylindrical Wiener process

• we have just seen that the cylindrical Wiener process

W (t) = ∑
k∈ℕ

𝛽k(t)ek , t ∈ [0,T ],

cannot be interpreted as anℋ-valued random variable

• however, if for another Hilbert spaceℋ1, L∶ ℋ→ℋ1 is Hilbert–Schmidt3, then

LW (t) ≔ ∑
k∈ℕ

𝛽k(t)Lek , t ∈ [0,T ]

defines an a.s. continuousℋ1-valued process since for Sn = ∑n
k=1 𝛽kLek and n > m,

𝔼[ sup
t∈[0,T ]

‖Sn(t) − Sm(t)‖2ℋ1
] ≤ 4 sup

t∈[0,T ]
𝔼[‖Sn(t) − Sm(t)‖2ℋ1

] = 4 sup
t∈[0,T ]

n

∑
k=m+1

n

∑
l=m+1

⟨Lek , Lel⟩ℋ1
𝔼[𝛽k(t)𝛽l(t)]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=𝔼[𝛽1(t)2]1{k=l}

= 4 sup
t∈[0,T ]

𝔼[𝛽1(t)2]
n

∑
k=m+1

‖Lek ‖2ℋ1

= 4T
n

∑
k=m+1

‖Lek ‖2ℋ1
⟶

n,m→∞
0.

3we write ℒ2(ℋ,ℋ1) for the class of Hilbert–Schmidt operators fromℋ toℋ1, which are defined as linear bounded operators L∶ ℋ→ℋ1 such that
‖L‖2ℒ2(ℋ,ℋ1)

= ∑k∈ℕ‖Lek ‖
2
ℋ1

< ∞ for some (any) orthonormal basis (ek) ofℋ
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Cylindrical Wiener process

• letℋ1 be a larger Hilbert space that densely
containsℋ and is such that the inclusion map
𝜄∶ ℋ→ℋ1, z ↦ z is Hilbert–Schmidt

• this is always possible: e.g., we can consider the
completionℋ1 ofℋ w.r.t. the norm
‖⋅‖2ℋ1
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The stochastic integral

• let Q be trace class (i.e., ∑k qk < ∞) or Q = I (i.e.,
qk = 1) and consider a Q-, resp. cylindrical
ℋ-valued Wiener process WQ = ∑k∈ℕ 𝛽ke0k for
e0k = √qkek , which is an ONB ofℋ0 = Q1/2(ℋ)
endowed with ⟨u, v⟩0 = ⟨Q−1u, v⟩

• let also Φ∶ Ω × [0,T ] → ℒ2(ℋ0,𝒰) be a
Hilbert–Schmidt operator valued predictable
process, where 𝒰 is another separable Hilbert
space with (some) at most countable ONB ( ̃ei)i∈I ,
whence Φ(t) ⋅ = ∑i∈I⟨Φ(t) ⋅, ̃ei⟩𝒰 ̃ei

Definition
For Φ∶ Ω × [0,T ] → ℒ2(ℋ,𝒰) as above such that
𝔼[∫T0 ‖Φ(t)‖2ℒ2(ℋ0,𝒰) dt] < ∞, we define the stochastic

integral Φ ⋅WQ(t) ≡ ∫t0 Φ(s) dW
Q(s) for t ∈ [0,T ] by

∫
t

0
Φ(s) dWQ(s) ≔ ∑

k∈ℕ,i∈I
∫
t

0
⟨Φ(s)e0k , ̃ei⟩𝒰 d𝛽k(s) ̃ei .

The Itô isometry results from the 1D Itô isometry:

𝔼[‖Φ ⋅WQ(t)‖2𝒰] = ∑
k∈ℕ

∑
i∈I

𝔼[(∫
t

0
⟨Φ(s)e0k , ̃ei⟩𝒰 d𝛽k(s))

2
]

= ∑
k∈ℕ

∑
i∈I

𝔼[∫
t

0
⟨Φ(s)e0k , ̃ei⟩2𝒰 ds] = 𝔼[∫

t

0
∑
k∈ℕ

∑
i∈I

⟨Φ(s)e0k , ̃ei⟩2𝒰 ds]

= 𝔼[∫
t

0
∑
k∈ℕ

‖Φ(s)e0k ‖
2
𝒰 ds] = 𝔼[∫

t

0
‖Φ(s)‖2ℒ2(ℋ0,𝒰) ds],

Moreover for any z ∈ 𝒰 we obtain the linearity property

⟨∫
t

0
Φ(s) dWQ(s), z⟩

𝒰
= ∑

k∈ℕ
∫
t

0
∑
i∈I

⟨Φ(s)e0k , ̃ei⟩𝒰⟨ ̃ei , z⟩𝒰 d𝛽k(s)

= ∑
k∈ℕ

∫
t

0
⟨Φ(s)e0k , z⟩𝒰 d𝛽k(s)

= ∫
t

0
⟨Φ(s) ⋅, z⟩𝒰 dWQ(s).

For 𝒰 =ℋ, continuing the calculation yields

⟨∫
t

0
Φ(s) dWQ(s), z⟩ = ∫

t

0
⟨Φ∗(s)z , ⋅⟩ dWQ(s) ≕ ∫

t

0
⟨Φ∗(s)z , dWQ(s)⟩

16/18



The stochastic integral

• let Q be trace class (i.e., ∑k qk < ∞) or Q = I (i.e.,
qk = 1) and consider a Q-, resp. cylindrical
ℋ-valued Wiener process WQ = ∑k∈ℕ 𝛽ke0k for
e0k = √qkek , which is an ONB ofℋ0 = Q1/2(ℋ)
endowed with ⟨u, v⟩0 = ⟨Q−1u, v⟩

• let also Φ∶ Ω × [0,T ] → ℒ2(ℋ0,𝒰) be a
Hilbert–Schmidt operator valued predictable
process, where 𝒰 is another separable Hilbert
space with (some) at most countable ONB ( ̃ei)i∈I ,
whence Φ(t) ⋅ = ∑i∈I⟨Φ(t) ⋅, ̃ei⟩𝒰 ̃ei

Definition
For Φ∶ Ω × [0,T ] → ℒ2(ℋ,𝒰) as above such that
𝔼[∫T0 ‖Φ(t)‖2ℒ2(ℋ0,𝒰) dt] < ∞, we define the stochastic

integral Φ ⋅WQ(t) ≡ ∫t0 Φ(s) dW
Q(s) for t ∈ [0,T ] by

∫
t

0
Φ(s) dWQ(s) ≔ ∑

k∈ℕ,i∈I
∫
t

0
⟨Φ(s)e0k , ̃ei⟩𝒰 d𝛽k(s) ̃ei .

The Itô isometry results from the 1D Itô isometry:

𝔼[‖Φ ⋅WQ(t)‖2𝒰] = ∑
k∈ℕ

∑
i∈I

𝔼[(∫
t

0
⟨Φ(s)e0k , ̃ei⟩𝒰 d𝛽k(s))

2
]

= ∑
k∈ℕ

∑
i∈I

𝔼[∫
t

0
⟨Φ(s)e0k , ̃ei⟩2𝒰 ds] = 𝔼[∫

t

0
∑
k∈ℕ

∑
i∈I

⟨Φ(s)e0k , ̃ei⟩2𝒰 ds]

= 𝔼[∫
t

0
∑
k∈ℕ

‖Φ(s)e0k ‖
2
𝒰 ds] = 𝔼[∫

t

0
‖Φ(s)‖2ℒ2(ℋ0,𝒰) ds],

Moreover for any z ∈ 𝒰 we obtain the linearity property

⟨∫
t

0
Φ(s) dWQ(s), z⟩

𝒰
= ∑

k∈ℕ
∫
t

0
∑
i∈I

⟨Φ(s)e0k , ̃ei⟩𝒰⟨ ̃ei , z⟩𝒰 d𝛽k(s)

= ∑
k∈ℕ

∫
t

0
⟨Φ(s)e0k , z⟩𝒰 d𝛽k(s)

= ∫
t

0
⟨Φ(s) ⋅, z⟩𝒰 dWQ(s).

For 𝒰 =ℋ, continuing the calculation yields

⟨∫
t

0
Φ(s) dWQ(s), z⟩ = ∫

t

0
⟨Φ∗(s)z , ⋅⟩ dWQ(s) ≕ ∫

t

0
⟨Φ∗(s)z , dWQ(s)⟩

16/18



The stochastic integral

• let Q be trace class (i.e., ∑k qk < ∞) or Q = I (i.e.,
qk = 1) and consider a Q-, resp. cylindrical
ℋ-valued Wiener process WQ = ∑k∈ℕ 𝛽ke0k for
e0k = √qkek , which is an ONB ofℋ0 = Q1/2(ℋ)
endowed with ⟨u, v⟩0 = ⟨Q−1u, v⟩

• let also Φ∶ Ω × [0,T ] → ℒ2(ℋ0,𝒰) be a
Hilbert–Schmidt operator valued predictable
process, where 𝒰 is another separable Hilbert
space with (some) at most countable ONB ( ̃ei)i∈I ,
whence Φ(t) ⋅ = ∑i∈I⟨Φ(t) ⋅, ̃ei⟩𝒰 ̃ei

Definition
For Φ∶ Ω × [0,T ] → ℒ2(ℋ,𝒰) as above such that
𝔼[∫T0 ‖Φ(t)‖2ℒ2(ℋ0,𝒰) dt] < ∞, we define the stochastic

integral Φ ⋅WQ(t) ≡ ∫t0 Φ(s) dW
Q(s) for t ∈ [0,T ] by

∫
t

0
Φ(s) dWQ(s) ≔ ∑

k∈ℕ,i∈I
∫
t

0
⟨Φ(s)e0k , ̃ei⟩𝒰 d𝛽k(s) ̃ei .

The Itô isometry results from the 1D Itô isometry:

𝔼[‖Φ ⋅WQ(t)‖2𝒰] = ∑
k∈ℕ

∑
i∈I

𝔼[(∫
t

0
⟨Φ(s)e0k , ̃ei⟩𝒰 d𝛽k(s))

2
]

= ∑
k∈ℕ

∑
i∈I

𝔼[∫
t

0
⟨Φ(s)e0k , ̃ei⟩2𝒰 ds] = 𝔼[∫

t

0
∑
k∈ℕ

∑
i∈I

⟨Φ(s)e0k , ̃ei⟩2𝒰 ds]

= 𝔼[∫
t

0
∑
k∈ℕ

‖Φ(s)e0k ‖
2
𝒰 ds] = 𝔼[∫

t

0
‖Φ(s)‖2ℒ2(ℋ0,𝒰) ds],

Moreover for any z ∈ 𝒰 we obtain the linearity property

⟨∫
t

0
Φ(s) dWQ(s), z⟩

𝒰
= ∑

k∈ℕ
∫
t

0
∑
i∈I

⟨Φ(s)e0k , ̃ei⟩𝒰⟨ ̃ei , z⟩𝒰 d𝛽k(s)

= ∑
k∈ℕ

∫
t

0
⟨Φ(s)e0k , z⟩𝒰 d𝛽k(s)

= ∫
t

0
⟨Φ(s) ⋅, z⟩𝒰 dWQ(s).

For 𝒰 =ℋ, continuing the calculation yields

⟨∫
t

0
Φ(s) dWQ(s), z⟩ = ∫

t

0
⟨Φ∗(s)z , ⋅⟩ dWQ(s) ≕ ∫

t

0
⟨Φ∗(s)z , dWQ(s)⟩

16/18



The stochastic integral
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Linear stochastic evolution equations with additive noise

Weak solutions of linear equations with additive
noise
Let A be the infinitesimal generator of a C0-semigroup
(S(t))t≥0 onℋ andWQ be an 𝔽 = (ℱt )t∈[0,T ]-adapted
process, which is either a Q-Wiener process or, for
Q = I , the cylindrical Wiener process. A weak solution
to the stochastic evolution equation

{
dX (t) = AX (t) dt + dWQ(t)
X (0) = 𝜉 ∈ ℱ0,

is an 𝔽-predictable process with a.s. integrable paths
such that a.s.

∀z ∈ D(A∗), t ∈ [0,T ] ∶

⟨X (t), z⟩ = ⟨X0, z⟩ + ∫
t

0
⟨X (s),A∗z⟩ ds + ⟨WQ(t), z⟩.

Theorem

Suppose that ∫T0 ‖S(t)‖2ℒ2(ℋ0,ℋ) dt < ∞. Then, the
unique weak solution is given by the mild solution

X (t) = S(t)𝜉 + ∫
t

0
S(t − s) dWQ(s), t ∈ [0,T ],

whereWQ
A (⋅) ≔ ∫⋅0 S(⋅ − s) dWQ(s) is called the

stochastic convolution.

Proof (Sketch). Assume for simplicity 𝜉 = 0. Then,

∫
t

0
⟨X (s),A∗z⟩ ds = ∫

t

0
⟨A∗z ,WQ

A (s)⟩ ds

= ∫
t

0
∫
s

0
⟨S∗(s − r)A∗z , dWQ(r)⟩ ds = ∫

t

0
⟨∫

t

r
S∗(s − r)A∗z ds, dWQ(r)⟩

= ∫
t

0
⟨∫

t−r

0

d
ds

S∗(s)z ds, dWQ(r)⟩ = ∫
t

0
⟨S∗(t − r)z , dW (r)⟩ − ⟨WQ(t), z⟩

= ⟨WQ
A (t), z⟩ − ⟨WQ(t), z⟩ = ⟨X (t), z⟩ − ⟨WQ(t), z⟩. �
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The stochastic heat equation

• Suppose that 𝒪 is bounded. We can now finally discuss weak solutions of the stochastic heat equation

dX (t) = ΔX (t) + dWQ(t)

for the Dirichlet Laplacian Δ on L2(𝒪).

• we need to check if ∫T0 ‖S(t)‖2ℒ2(L2(𝒪)0,L2(𝒪)) dt = ∫T0 ‖S(t)Q1/2‖2HS dt < ∞.
• suppose TrQ < ∞. Since (S(t))t≥0 is a self-adjoint semigroup with ‖S(t)‖ ≤ 1, we have

‖S(t)Q1/2‖2HS = TrQ1/2S(t)2Q1/2 = Tr S(2t)Q ≤ ‖S(2t)‖TrQ ≤ TrQ ,

which is integrable, whence the mild solution exists and is the weak solution.
• if Q = I, let (e′k)k∈ℕ an orthonormal eigenbasis of −Δ with eigenvalues (𝜆k)k∈ℕ having Weyl asymptotics
𝜆k ≍ k2/d . Then

∫
T

0
‖S(t)‖2HS dt = ∫

T

0
∑
k∈ℕ

|etΔe′k |
2 dt = ∑

k∈ℕ
∫
T

0
e−2𝜆k t dt = ∑

k∈ℕ

1
2𝜆k

(1 − e−2𝜆kT ) ≍ ∑
k∈ℕ

k−2/d {
< ∞, d = 1,
= ∞, d ≥ 2.

⇝ the mild solution X (t) = S(t)𝜉 + ∫t0 S(t − s) dW (s) for driving white noise only exists in L2(𝒪) for d = 1
• for d ≥ 2, it is however possible to interpret X as a distribution-valued stochastic process.
• for Q = I and deterministic X (0), the tested solutions (⟨X (⋅), e′k⟩)k∈ℕ are independent Ornstein–Uhlenbeck
processes: for 𝛽′k(s) ≔ ⟨W (s), e′k⟩,

⟨X (t), e′k⟩ = ⟨X (0), S(t)e′k⟩ + ∫
t

0
⟨S(t − s)e′k , dW (s)⟩ = e−𝜆k t ⟨X (0), e′k⟩ + ∫

t

0
e−𝜆k(t−s) d𝛽′k(s).
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