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We consider a (weak) solution X of the SDE
dXt - b(Xt) dt + O'(Xt) th,

b € Lip,(R?;RY), o € Lip(R? R*%) and bounded, uniformly el-
liptic diffusion matrix @ := oo ', given the drift condition

(b(x), x/lIxI[) < —=vlIx|I™%, lIxll > A, g € [-1,1).  (D(q))

The smaller the parameter g, the faster the (sub)exponential speed
of ergodicity towards the invariant distribution 7t of X.

We quantify the concentration around the ergodic mean 7t(f) =
f f (x) t(dx) of both the continuous-time MC estimator and its dis-

Theorem 1. Assume (D(q)), [|b(x)|| < T+]|x]||*and |f(x)| <
(1T + [|x]||"). Let

1/(1_q+)a n=_0

1, N+k+l+g
ot > T > 0.

p(N, K, q) = {

Then, there exists a constant ¢ > O s.t. for any x > 2/\/T,

P (|r () — 7i(F)| > x) < exp ( _ c(xf)”pm"(’q)).

Sample complexities for heavy-tailed Langevin MCMC

Under mild assumptions on the potential U, the Langevin diffusion
dX, = —VU(X,) dt + V2 dW,,
has invariant density 7t(x) oc exp(—U(x))

=" approximate sampling from 7t by numerical approximation of X,
e.g., Euler scheme with (&) ~ N (0, 1y):
1

9 =90 — AVUDY) + V2AE 0, Y ~ Xo.

= abundant literature on sampling precision in TV or Wasserstein
distance for U strongly convex or modifications thereof [1, 2, 3]

crete version This translates into the following PAC-bounds ~» T1( X ) dX is sub-Gaussian
T o Poincare, 1 = 0 log-Sobolev, N < 2 subexponential,np > 0 Assume instead that for g € (0, 1)
mr(f) = —f f(Xe)dt, Ta(f) == ) F(Xka) log(1/8) log(1/8) log(1/8)2°(1:K9 )
T Jo ’ n; : : 2 (VU), x/Ix]l) = tllx]I79, [Ix]] > A. (U(q))

. . . sample complexity s.t. (&, d)-PAC-bound P™(|7t7(f) — mt(f)| < €) > 1 — 0 holds
for polynomially growing functions f.

~> prototypical example: 7t(x) oc exp(—f||x]|'~9) is heavy-tailed

By relating the discrete estimator with sampling frequency A to and U is non-convex

the continuous estimator, we obtain concentration bounds for
7/-En,A(f):

Strategy: Martingale approximation

Proposition 3.

step length A sample size n

Theorem 2. Assume (j)(q))’ Hb(X)H < 1 + HX ‘K and e-prec. sampling d(log&/e)&;]_q)mq)) d(log((i/a)e);m—q)/(1+q) -

|DXF(x)|| < 1+ x|, kK =0, 1,2. Define & := (k+11) VN2,

andlety > 1+qg,r > 1,st.y—=(1+qg) > r(avV(1+q)/(r—
1)). Then, for p > 2,

|7C.A(F) = 7T(F) | Lo(pmy

t > A \/Z max{(?+2oc+11—q+)/2,n1+1—q+} 1 % _l_n+1|<+1+q
f(X.)ds < ( T/ —P O | ps T )
| Foxo ) T

burn-in m

For the generator L = b'V + % 2uij aj j Ox,; Ox; the Poisson equation

Lg=1f1

2 2 (4(o+(g+3)/2))/(1-q) 2(ng+q+2)/(1-q)
(e, 8)-PAC bound (0¢) dD?(log(1/6))* Mo+t 9 | d(log(1/8))2Mo*a q

d(log(1 /5))2(no+(q+3)/2)/(1—q) 52¢4 (6¢)?
Order of sufficient sampling frequency A, sample size n and burn-in m for (&, d)-PAC bounds and sampling

within €-TV margin

has a nice solution L~='[f] if f is t-centered and grows polynomially.
The [to—-Krylov formula then gives

t

-~
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